Year 12 Term 2 Assessment 2007 - EXTENSION 11

Question 1
Marks
(@) Sketch the hyperbola xy =16 clearly showing the coordinates of the foci and the equations
of the directrices. 4
(b) The region bounded by the curvey = (4— Xh X and the x —axis is rotated one revolution 4
about the y —axis . By considering cylindrical shells with their generators parallel to
the y —axis, find the volume of the solid formed.
(c) An object is moving on a horizontal plane and at position x metres from the origin it has
acceleration (X m/s®) given by X = 0.0l[x +6—j'] . Initially the object is 4 metres to the left
X
of the origin and moving to the left at a speed of . m/s.
; . N x* —64 2
(1)  If the velocity of the object is v m/s, show that v = 0.0 — .
X
(if) Explain why the velocity of the object at a position x metres from the origin is given 1
VX' —64
by v=—-—.
y 10x
(iif)  Find, correct to the nearest second, the time to reach a position 50 metres to the left of 4
the origin.
Question2  (START ANEW PAGE) (15 MARKS)
Marks
(@ (i) Asolidis formed so that every cross-section perpendicular to the y —axis is a square 3
with the opposite ends of one of its diagonals on each branch of the curve y = %—1.
Show that a cross-section of the solid, y units above the x —axis has area ﬁ units®.
+
(if)  Find the volume of the solid in (i) if the x —axis lies along a diameter of its base and 3
the solid is 3 units high.
Question 2(b) continued on next page
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Question 2 (continued)

2(b) () Prove that the equation of the tangent to the hyperbola xy =36 at the point T(6t,%j

is x+t’y—-12t=0.
(if)  If the tangents to the hyperbola xy =36 at the points P(6 p%] and Q(6q,%} meet

at the point R(x,,Y,), prove that pq - and p+q =£.

0 0

(iii)  Find an expression for the length of the chord PQ in terms of p and g.

(iv) If the length of the chord PQ is always 12 units, prove that the locus of point R lies on
the curve with equation (x2 + y2X36— xy)=x?y?.

Question3  (START ANEW PAGE) (15 MARKS)

Marks
(@ (i) Shade the region bounded by the parabola y* =8(2 - x) and the y-axis. 2
(i) The region in (i) is rotated one revolution about the line x = 2. Show that the area A 5
units® of a cross-section by a plane parallel to the x —axis and distance y units from
it, is given by A=é(256— y“), hence find the volume of this solid.
(b) A particle of mass 2kg is found to experience a resistive force, in newtons, of % of its
velocity in metres per second, when moving through air. The particle is projected vertically
upwards with velocity 60 m/s from a point O on the ground. Assume the value of g is
10m/s?
(i) Draw a diagram showing the forces acting on the particle, and show that the equation 2
of motion of the particle is given by % = —2i0(200 +V).
(i)  Find the time for the particle to reach the highest point above the ground. 3
(iii)  Find the maximum height of the particle above the ground. 3
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Question4  (START ANEW PAGE) (15 MARKS)

Marks
(@) When an aircraft touches down, two different retarding forces combine to bring it to rest.
For a particular aircraft with mass M kg and speed v m/s there is a constant frictional force
of %M newtons and a force of ﬁ Mv?® newtons due to the reverse thrust of the engines.
The reverse thrust of the engines does not take effect until 20 seconds after touch down.
By considering the forces it can be shown that the equations of motion for 0 <t <20 is
given by X‘z—% for 0<t<20.
(i)  Explain why the equation of motion for t > 20, and until the aircraft stops, is given by 1
X = —i(24+v2).
120
(if)  If the aircraft’s speed at touch down is 50 m/s, show that v=46 and x =960 at the 4
instant that the engines are reversed.
(ili)  Show that when t>20, x =960+ 60{In(2140)— In(24 +v?)}. 3
(iv) Calculate how far from the touch down point the jet comes to rest. Give your answer 1
correct to the nearest 10 metres.
Marks
(b) The base on which a statue stands is made in
the form of a pyramid with two rectangular
faces (see diagram). The bottom of the base
is 120cm by 80cm and the top is 90cm by
60cm. The distance between the two
rectangular faces is 200 cm and the centre of
the top face is directly above the centre of
the bottom face.
() Show that the area of a cross-section h cm above the base equals 3
2
3(800-h) om?
200
(i)  Hence find the volume of the base of the statue. 3

THIS IS THE END OF THE EXAMINATION PAPER
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Year 12 Term 2 Assessment 2007 - EXTENSION Il - SOLUTIONS

Question 1
Marks

(@) Sketch the hyperbola xy =16 clearly showing the coordinates of the foci and the equations

of the directrices. 4

1.2
Xy ==a
y2

focii (a,a)and (—a,-a)
directricesx+ y =+a

xy=16:%@2)

xy:%(4\/§)2
na=42
focii S(4vZ,4v2)and S (- 42,-442)

directrices X + y = +4/2

(b)  The region bounded by the curve y = (4— x)v/x and the x —axis is rotated one revolution
about the y —axis . By considering cylindrical shells with their generators parallel to
the y —axis, find the volume of the solid formed.

V= 27[.[04 x(4— xWx dx
- 27;_[04 (4x\/§— xzﬁ)dx

= XY=/
4

57 7 / 1

0

10247
35

Volume = 10247 u’
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(c) An object is moving on a horizontal plane and at position x metres from the origin it has

acceleration (X m/s®) given by X = 0.0l[x +6—j'j . Initially the object is 4 metres to the left
X

3

of the origin and moving to the left at a speed of . m/s.

4
(i) 1f the velocity of the object is v m/s, show that v* = O.OJ{X _64J _

X2
X:O.Ol[x+6—jj
X
i EVZ =0.0 X+%
dx\ 2 X3

(i) Explain why the velocity of the object at a position x metres from the origin is given
Vx*—64

10x

Object will be stationary when v=0

oo X' =64=0

X =122

Now, since object starts at x =—4 and moves left it will never come to rest (at rest at

x =—2+/2 ), therefore velocity is always negative so when we take the square root we need
to choose an expression that is always negative and since x <0 we choose the positive
square roots of x* —64and x?

by v=

Or: For x<0, xand % are both <0 therefore the acceleration is always <0 forx <0 and
X

since the initial direction of motion is to the left from position x =—4then the object will
always move towards the left, therefore the velocity will always be <0. Therefore choose
the positive square roots of x* —64 and x*
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(iii)  Find, correct to the nearest second, the time to reach a position 50 metres to the left of

the origin.
Vx*-64
T 10x
dx vx*'-64
dt 10
dt _ 10x
dX Jx' 64
T 50 10X
Iodt=j4ﬁdx
letu = x
x=4,u=16and x =50, u = 2500
du = 2xdx

2500 5du
[t]5=]

T= 5[In(u +4/u - 64)E00
= 5{|n(25oo ++/2500” - 64)— |n(16 ++16° - 64)}

~ 25.604
time = 26 sec (to nearest second)
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Question2  (START A NEW PAGE)

@ ()

with the opposite ends of one of its diagonals on each branch of the curvey = —-1.
X

Show that a cross-section of the solid, y units above the x —axis has area Vil units.
y+

Area of square = %(diagonal)2
1., v
=—(2X
L)
=2x?
but y :iz—l
X
N
y+1
Area __Z
y+

(i)

=2In4-2In1
=2In4
volume=2In4u®
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A solid is formed so that every cross-section perpendicular to the y —axis is a square

Find the volume of the solid in (i) if the x —axis lies along a diameter of its base and
the solid is 3 units high.

(15 MARKS)
Marks




(b) (i) Prove that the equation of the tangent to the hyperbola xy =36 at the point T(6t,$j

is Xx+t’y—12t=0.

36
y=""
X
dy 36
dx X
when x:6t,ﬂ:— 362
dx 36t
1
T
tangent is y —? = —tiz(x —6t)

t?y — 6t = —x + 6t
X+t?y-12t=0

(if)  If the tangents to the hyperbola xy =36 at the points P(G p%} and Q(Gq,gj meet

at the point R(X,,Y,), prove that pq:i and p+q:£.
atP:x+ p’y—-12p=0..ce., (1)
atQ:x+q%y—12q=0............ (2)

0)-(2)=(p*-a?)y=12(p-q)

12
y:
P+q
sub.into (1)= x=12p - pz( 12 j
P+q

. 12p(p+q)-12p

pP+q

X:12pq

P+q
x ~12pq 12
"op+a 7 pHg
PaGIN G
Yo \P+Q P+q

X, 12
SL—==pqand p+gq=—

0 Yo
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(iii)

PQ=\/(6D—6Q)2+(p

(iv)

Find an expression for the length of the chord PQ in terms of p and g.
jZ

If the length of the chord PQ is always 12 units, prove that the locus of point R lies on

6 6

q

the curve with equation (x2 + y2X36— xy)=x?y?.

\/(GP—GQ)er(

6.6

2
J =12
q

e {3
.
[(D+Q)2—4pq]+[%}=4
BROIERE

144 — 4xy

144 — 4xy

|

y

y
36 —xy

2

M

y

36 —xy

2

2

2

|

:

y

XZ

zJ_

4

75

(36 — xy )x? + (36 — xy)y? = x?y?
(36 - xy)(x2 + yz): x2y?

X
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Question3  (START ANEW PAGE) (15 MARKS)

Marks
(@ (i) Shade the region bounded by the parabola y* =8(2—x) and the y-axis. 2
y
\ 4
\\\\ V2=
I~
~—
I
I
/ 2 X
//
//
|~
//
|
/ -4
(i) The region in (i) is rotated one revolution about the line x = 2. Show that the area A units of a 5

cross-section by a plane parallel to the x —axis and distance y units from it, is given by
A= 6_7T4(256 - y“), hence find the volume of this solid.

y

% P(X,y)

4

A(yy)
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Area of cross —section
A=7z(2) - z(2-x)
:47z—7r(4—4x+ x2)
=n(4-4+4x-x)
= 72(4x —~ x2)
= (4 —-x)

2 2 2
et ) VO since x = 0=
8 8 8
_ (

4 4
A=—"1256-
51256-Y')
T
V=— 256 —y*)d
sl 258y )oy
T
=—1 (256-vy*)d
- (256 y*)dy
T 1 N
=2 | 256y — = y®
32{ g SVL
5
_ 7 ) 2s6xa-2 |0
32 5
1287
5
1287
volume:Tu

(b) A particle of mass 2kg is found to experience a resistive force, in newtons, of % of its velocity in

metres per second, when moving through air. The particle is projected vertically upwards with
velocity 60 m/s from a point O on the ground. Assume the value of g is 10m/s?

(i) Draw a diagram showing the forces acting on the particle, and show that the equation of motion

of the particle is given by % = —2i0(200 +V).
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1
Resultant forceT = -2g - —v
9710 /\X
2X =-29 —iv
10 1 )
X':_g _iv V g
20
:—i(ZOg +V)

20
x':—i(200+v)

20

(if)  Find the time for the particle to reach the highest point above the ground.

ﬂ:—i(zomv)
dt 20

dt_ -20

dv 200+v

S et
+V
T =-20[In(200+Vv)] &,
=—20(In200 - In 260)
=20In1.3
time = 20In(1.3)seconds

(iii)  Find the maximum height of the particle above the ground.
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5(':—2—10(200+v)

dv_200+v

dx -20

dv._200+v

dx  —20v

dx  —20v

dv 200+v
_ —20(200+v - 200)
- 200+v

200+v
0 60 200+v
H = —20[v —-200 In(200 + V) 20

=-20{(0-2001n200)— (60 —2001n 260)}
=20{60-200In(1.3)}
height = 400{3-10In(1.3)} metres
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Question4  (START ANEW PAGE) (15 MARKS)

(@) When an aircraft touches down, two different retarding forces combine to bring it to rest. For a

particular aircraft with mass M kg and speed v m/s there is a constant frictional force of %M

1 .
newtons and a force of 20 Mv?® newtons due to the reverse thrust of the engines. The reverse

thrust of the engines does not take effect until 20 seconds after touch down.
By considering the forces it can be shown that the equations of motion for 0 <t < 20 is given

by Xz—% for 0<t<20.

(i)  Explain why the equation of motion for t > 20, and until the aircraft stops, is given by

x:-%(zuvz).

Resultant force — = —1 M —i Mv?
5 120
MK = — S M — = Mv2
5 120
_ 11
5 120
X‘z—i(24+v2)
120

reverse thrust €<— LM 2
120"

friction «—— 1|\/|

<V

(if)  If the aircraft’s speed at touch down is 50 m/s, show that v=46 and x =960 at the

instant that the engines are reversed.

Fort<20

. 1
X=—=
5

dv 1

dt 5
% 1 t
dV=—gJ.0dt

50

W =<

v—50=—lt
5

v=50-0.2t
whent = 20,v =50-0.2(20)
= 46
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(b)

o =50-0.2t
dt

[dx=]" (50-0.2t)at

x =[50t —0.1t?]7’
=(1000-0.1x 400)-0

=960
Velocity = 46 m/s and distance = 960 m

(iii)  Show that when t>20, x =960+ 60{In(2140) In(24 + v }.

X':—i(24+v2)

120

vﬂ:—i(24+v2)

dx 120
dv - (24+V?)
dx 120v
dx _ -120v
dv  24+Vv°
IX dx:—120.|‘0 Y > dv
960 4% 24 +v

[X] a0 = —60[In(24 +V? )] 6

X —960 = —60{In(24+v? )~ In(24 + 46° )}
X =960 —60{In(24 +v? ) In 2140}

X =960+ 601n 2140 —601n(24 + )

(iv) Calculate how far from the touch down point the jet comes to rest. Give your answer
correct to the nearest 10 metres.

whenv =0

x =960+ 601n 2140 - 601n(24)
~1229.4

distance =1230 (to nearest metre)

The base on which a statue stands is made in the form
of a pyramid with two rectangular faces (see
diagram). The bottom of the base is 120cm by 80cm
and the top is 90cm by 60cm. The distance between
the two rectangular faces is 200 cm and the centre of
the top face is directly above the centre of the bottom
face.
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(i) v
Show that the area of a cross-section h cm above the base equals M cm?.

200
0 ‘ 60
[ x \  200-h /y—\ 7777777777777777 200 - h
h h
120 30
Comparing areas

1 —E N
L (h)220+90)= L (h)120+ x) 5 (N80 +60)=Z(h)80+y)
2 2 1 +3(200—h)(y+60)
+=(200-h)(x +90) 2
2 _ (800-h)
3(800-h) y- 0

20

Area of cross —section = xy cm?
3(800-h) (800-h) ,

= . cm
20 10
2
_3(800-h) em?
200

(i)  Hence find the volume of the base of the statue.

200 3 2
V=] m(e;oo—h) dh

1 37200
=—— —h

1
=505 {600° —800° |

=1.48x10°
Volume=1.48x10° cm®

THIS IS THE END OF THE EXAMINATION PAPER
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